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 Recursive Estimators and Luenberger Observer
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 Properties and Interpretations of Kalman Filtering
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Models 

 Extended Kalman Filtering 
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Motivation 

 Quality variables : product concentration, average 

molecular weight, melt viscosity etc.

 Costly to measure on-line 

 Measured through lab assays: sampled at irregular 

intervals 

 Measurements available from wireless sensors are 

at irregular intervals due to packet losses

 For satisfactory control of such processes:  

Quality variable / efficiency parameters should be 

estimated at a higher frequency

 Remedy: Soft Sensing and State Estimation
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State Feedback Controller Design

 Step 1: Assume the states are measurable and design a 

stable control law / controller 

 Step 2: Design a state estimator which constructs 

estimates of states by fusing measurements with model 

predictions 

 Step 3: Implement the controller using the estimated states 

 Separation principle ensures nominal closed loop stability 

with state estimator-controller pair

Discrete time State Space Model
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State feedback multivariable control law 
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Inferential Measurement: Basic Idea   

Since fast sampled (primary) variables 
(temperatures, pressures, levels, pH) are 

correlated with the quality variable, can we 
infer values of quality variables from 
measurements of primary variables? 

On line state estimation:
Feasible after availability of fast Computers 

Automation Lab
IIT Bombay

3/3/2017 State Estimation 6

Model Based Soft Sensing

Fast-rate Low-cost 
measurements from 

Plant (Temperature / 
Pressure / Speed) 

Dynamic Model

(ODEs/ PDEs)

Irregularly / Slowly 
sampled Quality variables 

from Lab assays

On-line Fast Rate Estimates of 
Quality variables 

Soft Sensing: Cost Effective Solution
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Soft Sensing Approaches 

Soft Sensing 

Techniques

Static / 
Algebraic  

Correlations

Dynamic Model 
based State 
Estimation  

Deterministic  
(e.g. Luenberger 

Observers)

Stochastic (e.g. 

Kalman filters)
Principle 

Components 
Analysis

Neural 
Networks
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Example: Quadruple Tank System
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If model parameters are known accurately,
can we estimate  levels in Tanks 3 and 4  

from measurements of levels in Tank 1 and 2?
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Example: Continuously Stirred Tank Reactor

Consider non-isothermal CSTR dynamics

If model parameters are known accurately,

can we estimate  CA from measurements of T alone?

feed flow rate

coolant flow rate

Feed conc.

Cooling water
Temp.

   TTC T

A  )() YX  OutputMeasured( States

T
cFF ][)( UInputs dManipulate

 0) ACu( esDisturbancUnmeasured D
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CSTR: Model Parameters and 
Steady state Operating Point
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State Estimation Problem

   (N)(1).....(0), and(N)(1).....(0),

 data output-input and

uuuyyy
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Thus, given 
Computer control relevant discrete model

  ?ˆˆˆ (k)(1).....(0),

sequence state estimate we Can

xxx

It is desired to implement a state feedback
control law. However, all the states are not measured.   
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Simplified Problem Statement 
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Estimate state sequence ),....(),( 10 xx

model the of use recursive through estimated be can

 only estimate  to sufficient is it model, the have we Since

),....2(ˆ),1(ˆ

).0(ˆ

xx

x

Consider ideal situation where 

 disturbances and measurement errors are absent 

 model is perfect
Problem: Given measurements y(0), y(1),…y(N)

and inputs u(0), u(1), ….,u(N) together 
with model 
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Initial State 
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Estimation of Initial State

)1(),....,1(),0( nyyy tsmeasuremen Given

)0()0( yCx 

  write can we

 ),.....2(),1(),0( uuu inputs and

Can we uniquely estimate the  initial state by 
Solving above set of linear algebraic equations? 
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Estimation of Initial State



  
b

uCuCy

uCuCy

uCy

y

x

A

C

C

C

C



























































)2(....)0()1(

.........
)1()0()2(

)0()1(

)0(

)1(

)0(
....

21

2

nn

n
nn

 have we equations, the Combining

 

n'' to equal rank has  matrix if only found be can  solution unique A Ax

bxA

)0(

1)(

)0(

)( 



 nrnnr

Known 
quantity 

Automation Lab
IIT Bombay

3/3/2017 State Estimation 16

Observability 

Observability: System is said to be observable 
if initial state can be uniquely estimated from 
output observations

Initial state can be uniquely estimated from 
measurements of inputs and outputs if following 
rank condition holds

dimensionstate





















nrank
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C
Observability 
Matrix
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CSTR: Continuous Perturbation Model
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Continuous time linear state space model
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Discrete time linear state space model

Sampling Time (T) = 0.1 min
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Observability: CSTR Example
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rank

Can we estimate concentrations 
from measurements of temperature ? 

Linear Perturbation model for CSTR is observable

Let x(0)= (0.1,1) and u(0)=(0,0),
Then we get x(1) = (0.0104, 8.682) and              

Temperature measurements are 
y(0) = 1, y(1) = 8.682.  

Estimated initial state from measurements: (0.1,1) 
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Quadruple Tank System

3/3/2017 19
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Discrete Time State Space Model 
Sampling Time T = 5 sec
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4Rank Matrix ityObservabil

h and h :1 Structure 21
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Question: We have only two level sensors and we would

like to place them such that the state is observable from 

the level measurements. How to place the sensors?  

Observability can be used as a basis for placing the sensors 
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2Rank Matrix ityObservabil

h and h :3 Structure 31
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Quadruple Tank System
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Rank of observability matrix = 4 
only when h1 and h2 are measured 

Levels in Tank 3 and Tank 4 can be estimated
using level measurements of Tank 1 and Tank 2
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Measurements with errors
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What if measurements have errors ?

Collect larger sample of size N >> n

Perform least square estimation 

R: Measurement Noise Covariance
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CSTR Example (Contd.) 

Let the process initial state be (0.1,1) and  
input sequence be u(0) = u(1) =…u(5) = (0,0)

Least square estimate of state vector 











0.924

0.1003
)0(x̂

Estimate improves if more measurements are added.

Difficulty in on-line implementation:  
Optimization problem size grows with time!

Suppose we collect following 6 temperature 
measurements corrupted with measurement noise 
Ym = (0.957, 8.516, 12.353, 11.498, 6.975, 1.291)
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On-line State Observer 
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On-line recursive estimation of states                        
from measured data and mathematical model
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On-line State Observer 
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“Closed Loop” State Observer 

Use of output prediction error to 
1. Stabilize estimator for unstable processes 
2. Improve rate of convergence for stable systems

Open Loop Observer: Difficulties

1. Not applicable to unstable systems 

2. Rate of convergence governed by  spectral 
radius of Ф matrix

u(k)

)(ˆ ky

Process

Model

Y(k)
+

-

)(ke
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Recursive Estimation 

Recursive On-line State Estimator
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True process dynamics (deterministic case)

How to choose estimator gain matrix L such that 
estimation error reduces to zero as quickly as possible?
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Estimator Error Dynamics 

Choose observer L gain such that
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Single Output System (SOS):  

Luenberger Observer

Choice of poles so as to systematically account for 
Measurement noise and Unmeasured Disturbances 

is difficult 

Consequence: sub-optimal performance
in presence of stochastic disturbances

Choice of observer poles: Compromise between 
decay of estimation error and sensitivity to
measurement noise/modeling errors

Deterministic Observer Design: 
Choose observer gain matrix L such 
that matrix              has poles at the 
desired locations  (Pole Placement) 

LC
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Difficulty: This ‘raw approach’ of placing poles becomes
cumbersome to use for systems of higher dimension.

Remedy: Use variable transformations for pole placement design
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SOS Luenberger Observer
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Design Procedure 

 Transform the model to observable canonical form  

 In transformed coordinates, choose observer vector such 
that poles of are placed at desired location

 Express the observer gain matrix in the original co-ordinate 
system  

Tx(k)(k)  :tionTransforma Coordinate 
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SOS Luenberger Observer

Design observer in transformed coordinates
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SOS Luenberger Observer
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Note that the above coordinate transformation 
is possible only if the original system is 

observable, i.e. Rank( WOBS) = n  
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CSTR Example 
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Prediction Estimation
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Prediction Estimation and 
Current State Estimation  
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CSTR: “Open Loop” Observer 

“Open Loop” Observer” : no Measurement based  Correction

Linear Plant- Linear “Open Loop” Observer 
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CSTR: “Open Loop” Observer 

“Open Loop” Observer” : no Measurement based  Correction

Linear Plant- Linear “Open Loop” Observer 
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Open Loop Observer: Error Dynamics
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CSTR: Luenberger Observer 
Observer poles: Both poles placed at 0.5

Linear Plant- Linear Observer 
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CSTR: Luenberger Observer 

Linear Plant- Linear Observer 

Observer poles: Both poles placed at 0.5
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Luenberger Observer (poles at 0.5): Error Dynamics
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CSTR Example: Dead-beat Observer
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CSTR Example: Dead-beat Observer 

Dead-
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Poles 
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CSTR Example: Dead-beat Observer

Non-Linear Plant- Linear Observer 
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CSTR Example: Dead-beat Observer

Non-Linear Plant- Linear Observer 
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Estimation Error Variances

Luenberger Conc. Temp.

Linear Plant 3.993x10-5 1.112

Nonlinear Plant 2.534x10-4 3.3303

Kalman predictor Conc. Temp.

Linear Plant 3.984x10-5 1.113

Nonlinear Plant 2.547x10-4 3.341
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Systems 
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In general, for a system with r measurements, the 

observer gain matrix is a matrix with (r x n) unknowns  

Comparison of the characteristic equation of the 

observer error dynamics with desired characteristic 

polynomial yields only  n equations in (r x n) unknowns 

Thus, (r-1) x n unknowns have to be determined by 

some other means. Also, for a large dimensional 

system it is difficult to place poles optimally. 
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Unmeasured Disturbances  

What if there are unknown disturbances 

influencing state dynamics?

What if the measurements are corrupted with 

measurement noise? 

Suppose we have stochastic models for time 
evolution of these unmeasured disturbances and 

measurement noise, then

can we use these models to design a state estimator, 
which filters out the measurement noise but 

compensates for the unmeasured disturbances?

It is difficult to carry out pole placement based on these 
noise models such that the desired goal is achieved. 
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Unmeasured Disturbances
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Unmeasured Disturbances
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Unmeasured Disturbances
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Unmeasured Disturbances
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CSTR: Continuous Perturbation Model
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Optimal State Estimation

Thus, given stochastic state space model

where w(k) and v(k) are uncorrelated (in time
and with each other) random sequences with 
zero mean and know variances  

    RvvQww  TT kkEkkE )()(;)()(

Q quantify uncertainties in state dynamics
and/or due to modeling errors/unmeasured disturbances  

R quantifies variability of measurement errors 

Given measurements {y(k)}, inputs (u(k)} and the model,      
how to construct optimal state estimate?  

)()()(

)()()()1(

kkk

kkkk

vCxy

wuxx







29

Automation Lab
IIT Bombay

Optimal State Estimation

 Since {w(k)} and {v(k)} are stochastic processes, the state 

sequence {x(k)} is also a stochastic process

 Notice that through the difference equation, x(k) and x(k-j) 

are correlated. Thus,  even when the sequences {w(k)} and 

{v(k)} are white noise processes, {x(k)} is a correlated 

stochastic variable. 

 Two important statistical measures that can be used to 

characterize the stochastic process {x(k)} are its mean and 

covariance functions, which are related to characteristics of 

{w(k)} and {v(k)}. 
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Preliminaries 
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Preliminaries
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Error Estimation
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Preliminaries
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Prediction and estimation errors are related as follows  

(with an arbitrary gain matrix L(k)) 
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Mean Values of Estimation Errors
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Mean Values of Estimation Errors
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        0vLwεCLIε  )(E)()1()1|1(E)()|(E kkkkkkkk
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Thus, the proposed linear observer is unbiased
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Estimation Errors: Covariance Matrices
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Prediction Error 
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It is desired to compensate the state estimate for w(k)
while filtering v(k) out  
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Means and Covariance of Errors 
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Means and Covariance of Errors 

T
e

T
e

T
e kkkkkkkkkkk )()()()()()()()1|()|( LPPLLPLPP  

 have we

Estimation Error 

     
   TTT

T

kkkkkkkk

kkkkkkk

)1|()()()()()1|(

)()()()1|()|(





εeLLeε

LeLεε

EE

CovCovCov

 
   TT

e

T
e

kkkkkkkk

kkkk

CPvCεεP

eεP

)1|()()1|()1|()(

)()1|()(





E

E

 Defining







34

Automation Lab
IIT Bombay

3/3/2017 State Estimation 67

Minimum Variance Design
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Matrix Calculus
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Minimum Variance Observer
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Kalman Filter: Summary  
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Prediction

Update 

Kalman Gain Computation 
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Interpretations 
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Gaussian Distributions  

Why study multivariate Gaussian distribution? 

 From Central Limit Theorem, it follows that sum of many 

independent and equally distributed random variables can be 

well approximated by Gaussian distribution. If unknown 

disturbances are assumed to be arising from many independent 

physical sources, then Gaussian distribution is appropriate for 

modeling their behavior

 Attractive mathematical properties: linear transformations of 

Gaussian distributions are still Gaussian distributed. 

 For Gaussian distributed random variables, optimal estimated 

have a simple form. 
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Multivariate Gaussian Distribution
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Multivariate Gaussian Distribution
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Gaussian Noise and KF
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Gaussian Noise and KF
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Kalman Filter: Advantages 

 Generates the maximum likelihood (ML) and maximum a 

posteriori (MAP) estimates of the states when noises 

are Gaussian 

 Kalman filter is the minimum variance estimator 

 Requires only first and second moments of conditional 

densities of the states and the  innovations 

 Relatively easy to adapt to multi-rate and irregular 

sampling scenario

 Stability can be established using Lyapunov’s 2’nd 

method (see Appendix) 
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Stationary Kalman Filter  
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Prediction and Update

Stationary Kalman Gain Computation using 
Algebraic Riccati Equation (ARE)
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Example: Quadruple Tank System
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Example: Quadruple Tank System
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Example: Quadruple Tank System
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Example: Quadruple Tank System
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Kalman Predictor: Summary
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Kalman Predictor: CSTR Example 
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CSTR Example: Kalman Predictor
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CSTR Example: Kalman Predictor

Linear Plant- Linear Observer 
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CSTR Example: Kalman Predictor

Non-Linear Plant- Linear Observer 
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CSTR Example: Kalman Predictor

Non-Linear Plant- Linear Observer 
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“Steady State” Kalman Predictor
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“Steady State” Kalman Predictor
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Connection with Time Series Models

Stationary form of Kalman predictor 
is also known as Innovation form of State Space Model

Thus, stationary form of Kalman predictor is equivalent to 
ARMAX type time series model
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Connection with Time Series Models

Thus, identifying an ARX/ARMAX/BJ model is equivalent to
identifying Stationary form of Kalman predictor
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Conversely, a time series model (ARX/ARMAX/BJ) 
estimated from the input output data 
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Connection with Time Series Models

 Thus, stationary form of Kalman predictor can be 
identified directly from input output data using ARX / 
ARMAX / Box-Jenkins parameterization and converting 
into state space realization. 

 Advantage: No need to model the state noise, w(k), and the 
measurement noise, v(k)

 Disadvantage: states do not have physical meaning

   and   

model ARMAX/BJ a of nrealizatio State
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Connection with Time Series Models
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Dealing with Non-stationary 
Disturbances 
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states (equal to no. of outputs), which behave as 

integrated white noise sequence and can capture drifting 

Tuning 
Parameter

Design Kalman Filter / Predictor using augmented model 
Fast changing disturbance: use high values of co-variance Q
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Extended Kalman Filter: Summary  
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Prediction Step 
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Extended Kalman Filter: Summary  
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Update Step 

Kalman Gain Computation 
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Approach originally derived for state estimation of a discrete 
linear system used for state estimation of a nonlinear system 
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EKF : CSTR Example
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EKF : CSTR Example
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EKF : Plug Flow (Tubular) Reactor (PFR)

A                B                  C 

Steam, Tjo

Tj(0,t)

CAo, TRo

CA(1,t), CB(1,t)

CC(1,t), TR(1,t)

(Endothermic Reaction)

T T T

Tj-1, TR-1 Tj-2, TR-2

Tj-5, TR-5

State Estimation Problem                                               
Estimate concentration profile inside the reactor using 

few temperature measurements along the length    
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 Material Balances     (Distributed Parameter System)

 Energy Balances

1 rE / RTA A
l 10 A

C C
v k e C

t z
 

  
 

1 r 2 rE / RT E / RTB B
l 10 A 20 B

C C
v k e C k e C

t z
  

   
 

 

   

1 r

2 r

r1 E / RTr r
l 10 A

m pm

r2 E / RT w
20 B j r

m pm m pm r

HT T
v k e C

t z C

H U
          k e C T T

C C V





 
  

  


  
 

 j j wj

r j

mj pmj j

T T U
u T T

t z C V

 
  

  

……..Reactant A

……..Product B

……..Reactor Temp.

……..Jacket Temp.

Fixed Bed Reactor 



52

Automation Lab
IIT Bombay

PDE To ODE Model (Finite Differencing)

Plant Model

No. of internal discretization points 19 4

No. of states 80 20

No. of jacket side temp. measurements 3 3

No. of reactor side temp. measurements 3 3

0 1 2 N N + 1
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State Estimation using EKF

Variable Nominal Value Fluctuations added

Feed Flow 1 m/min 0.01 m/min

Feed Concentration 4 mol/lit 0.14 mol/lit

Temperature measurements - 0.4 K

Steam flow rate 1 m/min -

 Performance of EKF under the effect of feed flow and 
feed concentration fluctuations was studied

 The estimated concentration approaches the true 
concentration within 5 minutes

Simulation Parameters
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Fluctuations in Feed Flow and Feed 
Concentration
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IIT BombayActual and Estimated Exit 

Concentration of B



54

Automation Lab
IIT Bombay

Simulation Result: Concentration profiles                 
of product B at different time instants
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State and Parameter Estimation
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State and Parameter Estimation
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State and Parameter Estimation











Q

Q
Q

]0[

]0[
 :Covarance Noise State d

a

 








 








 


  

II

)1,(
)1,(   and   

]0[

)1,()1,(
)1,(

)()(exp)1,(
0

11

kk
kk

kkkk
kk

dtBtAkk

d
aa

T

kk



 

Predicted Covariance Update : using augmented matrices 

Tuning 
Parameter

Fast changing parameter/disturbance : 
use high values of covariance 
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Extended Kalman Filter: Summary  
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Updated Covariance 

Kalman Gain Computation 
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Simultaneous state and parameter estimation can be used for
• Soft sensor for slowly changing parameters / unmeasured 
disturbances  
• Faults in system, which are viewed as changing parameters 
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IIT BombayExperiment: Combined State and                 

Parameter Estimation on Heater-Mixer Setup
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Example: Stirred Tank Heater-Mixer
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IIT BombayEstimation of states and heat loss               

parameter using EKF – Experimental Conditions 

 Tank 1 temperature and heat loss parameter are to be 
estimated

 Tank 2 temperature and level are measured

 The system is kept in perturbed state by perturbing the 
inputs (heater input and tank 2 inlet flow)

 The flow to tank 1 is kept constant. This implies that 
overflow to tank 2 is also constant

 The parameter is initialized with a value of 0.8
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and heat loss parameter estimates
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Issues in State Estimation 

 Robustness to plant-model mismatch: Model 
accuracy is critical to state estimation 

 Noise Model Parameters: Measurement and state 
noise co-variances are difficult to estimate.  
These matrices are often treated as tuning 
parameters

 Number of extra states (unmeasured disturbances 
/ parameters) estimated cannot exceed number of 
measurements

 Modifications necessary for multi-rate sampled 
data systems 
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Summary

 Dynamic model based state observers    can be 
used to reconstruct unmeasured states from 
frequently measured outputs

 Kalman filters generate state estimates with 
minimum estimation error variance, provided state 
and measurement noise models are known 
accurately  

 Extended Kalman filtering can be used for 
estimating states of nonlinear systems 

 Note: KF and EKF belong to a class of filters 
called Bayesian estimators, which are used in wide 
range of engineering applications (robotics, 
process control, target tracking, speech 
recognition, image reconstruction) 
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Appendix: 
Nominal Stability of Kalman Filter 
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Convergence of Estimation Errors

Consider a KF as implemented on a linear
deterministic system of the form
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which is free of the state uncertainty and measurement noise

where Q >0;R > 0 are tuning matrices

Kalman Gain Computation using Riccati Equations
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Convergence of Estimation Errors

  

 Filter Kalman
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Equation (3) is a Linear Time Varying System
Stability Analysis cannot be carried out using eigenvalues
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Convergence of Estimation Errors
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Convergence of Estimation Errors
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Convergence of Estimation Errors

)1|(
1

)()1|(
1

 kk
p

kVkk
p LH

εε

     122

11

/

1
)1|()|()1|()(








Q
Q

HH

T

pp
kkkkkkk

IPIIPI HLHL

HL

pkkppkkp

pp





)|()1|(

0,

   and   

 that such  exists There :Assumption

  
2

122
)1|(

/

1
)()1( 





kk

pp
kVkV

HH

ε
Q

Thus, estimation error dynamics is asymptotically stable


