


oS \head Prediction E Model
ARMAX model is ARMA plus eXogeneous signal model:
A(2)y(n) = B(z)u(n — k) + C(2)&(n)



oS \head Prediction E Model

ARMAX model is ARMA plus eXogeneous signal model:
A(2)y(n) = B(z)u(n — k) + C(2)&(n)

u - input
Y - output
& - white noise

k - delay



oS \head Prediction E Model

ARMAX model is ARMA plus eXogeneous signal model:
A(2)y(n) = B(z)u(n — k) + C(2)&(n)

u - input

Y - output

& - white noise
k - delay

e A, B, C are polynomials in 271



oS \head Prediction E Model

ARMAX model is ARMA plus eXogeneous signal model:
A(2)y(n) = B(z)u(n — k) + C(2)&(n)

u - input

Y - output

& - white noise
k - delay

e A, B, C are polynomials in 271

e All delay is factored into k so the constant terms of A, B,
C are not zero



oS \head Prediction E Model

ARMAX model is ARMA plus eXogeneous signal model:
A(2)y(n) = B(z)u(n — k) + C(2)&(n)

u - input

Y - output

& - white noise
k - delay

e A, B, C are polynomials in 271

e All delay is factored into k so the constant terms of A, B,
C are not zero

e Constant terms of A and C are one (that is, A, C are
monic)
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kS \head Prediction E Model
Recall
A(z)y(n) = B(z)u(n — k) + C(z)¢(n)
e Any change in u can affect y only after k samples

e But white noise starts affecting the process right away

e Want to get the best estimate of the output so as to take
corrective action, starting now

The above equation can be rewritten as,

A(z)y(n +J) = B(z)u(n +j — k) + C(2)&(n + )
Want to predict output from nn+ k onwards or forn+3, 3 > k
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~_k-Step Ahead Prediction Error Model

A(2)y(n) = B(z)u(n — k) + C(2)&(n)

_ B(z) C(z)
y(n+k) = A(z)u(n) + mf(’n + k)




oS \head Prediction E Model

A(Z)y(n) = B(z)u(n — k) + C(2)¢(n)
z C(z
k) = () + e+ k)

If C' = A, the best prediction model is,




oS \head Prediction E Model

A(Z)y(n) = B(z)u(n — k) + C(2)¢(n)
z C(z
k) = () + e+ k)

If C' = A, the best prediction model is,

g(n + kln) =



oS \head Prediction E Model

A(z)y(n) = B(z)u(n — k) + C(2)€(n)

= B(z)u n % n
y(n -+ K) = ) + g e+ k)
If C' = A, the best prediction model is,
§(n + kln) = 2D u(n)

A(z)
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k) = — k
y(n -+ K) = g Sun) + S )
If C' = A, the best prediction model is,
B
i+ ki) = 2 u(n)
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C F;
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A(z)y(n) = B(z)u(n — k) + C(2)&(n)

B(z) C(z)
k) = — k
y(n -+ K) = g Sun) + S )
If C' = A, the best prediction model is,
B
i+ ki) = 2 u(n)
If C' #£ A, divide C' by A as follows, with 7 to be specified:
C(z) _;iFj(z)
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A(z)y(n) = B(z)u(n — k) + C(2)&(n)
B(z) C(z)

k) = — k
y(n -+ K) = g Sun) + S )
If C' = A, the best prediction model is,
B
i+ ki) = 2 u(n)
If C' #£ A, divide C' by A as follows, with 7 to be specified:
C(z) _;iFj(z)
—\7 _ E. j
A=) - BT ET0G)

Ej(Z) = €350 + ej’lz_l + .00+ €j,j_1z_(j_1)

Fj(z) = fj,o + fj,lz_l 4 oo 4 fj,dsz—dFj



oS \head Prediction E Model

A(z)y(n) = B(z)u(n — k) + C(2)€(n)

_ B(?) C(z)
y(n -+ K) = g Sun) + S )
If C' = A, the best prediction model is,
) _ B(2)
9(n -+ kim) = ZSu(n)
If C' #£ A, divide C' by A as follows, with 7 to be specified:
C(z) _;iFj(2)
Az T ESG)

Ej(Z) = €j5,0 1 ej’lz_l + .00+ €j,j_1z_(j_1)
Fj(z) = fj,o + fj,lz_l e fj,dsz—dFj
Noise has past and future terms, tobesplit
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) 2+ 4)
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B(z
A(z)

y(n + j)

B
y(n+j) =

A(z)

C(z)

7)
£(n +
k)

u(n +

A(z)
(n+j —k)
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y(n+7j) = iziu(n +J— k)

v ((ej,o +ejuz ot ejaz7UTY)

Jio+ finz7' 4+ oo+ fjapz 00 :
oz A(z) = &(n +7)

Il =e;o&(n+7)



Solittine Noise into Past and Ful

Y+ ) = 2 uln+ i =)+ e +3)
y(n+7j) = iziu(n +J— k)

+ <(€j,o +ejnz e+ ez UTY)
. RV T . —dF
n z_jfg,o + fi1z7 " + + fiap 270 £(n + 5)
A(z)
Il =ejoé(n+7) + eji€(n+j5—1)




Solittine Noise into Past and Ful

Y+ ) = 2 uln+ i =)+ e +3)
y(n+7j) = iziu(n +J— k)

v ((ej,o +ejuz ot ejaz7UTY)
. . —1 o o o . ) —dFj
4 z_jfj,O + finz7 " + + f],dFJZ J €(n I ])
A(z)
I=-ejoé(n+j)+e€n+jg—1)+---+e;j16(n+1)




Solittine Noise into Past and Ful

Y+ ) = 2 uln+ i =)+ e +3)
y(n+7j) = iziu(n +J— k)

v ((ej,o +ejuz ot ejaz7UTY)
. . —1 o o o . —dFj
4 z_jfj,O + finz7 " + + f],dsz J €(n I ])
A(z)
I=-ejoé(n+j)+e€n+jg—1)+---+e;j16(n+1)

All future terms.




Solittine Noise into Past and Ful

B:) . . ()
A TR AG)

y(n+j) =

y(n+7j) = - &(n+7)

A(z )
((ejo +ejuz ot ejaz7UTY)
fio+ fiaz " 4+ oo+ fiapz" ,
7,0 751 A(z) J J €(n —I—])
I=-ejoé(n+j)+e€n+jg—1)+---+e;j16(n+1)
All future terms.

I = (fj,o + fiaiz 4+ fj,dFjZ_dFj> £(n)/A(z)

[Il term is known from previous measurements
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u(n+3—2) 1+ 0.5z
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1+ 0.5z 0.82 + 0.176z1
* = (14 1.1z71) + 272 *
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;6(n +7)

Substitute it in the expression for y(n + 3), with 3 = 2:

(n + 2) ! (n)
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+ (1 4+ 1.1z H¢(n + 2)
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B lo: Solittine Noise into Past and Fuf

u(n+3—2) 1+ 0.5z
1—0.62"1—0.162"2 1—0.62"1—0.162—
Split C into E; and F}, for 3 = 2:
1+ 0.5z 0.82 + 0.176z"1
* = (14 1.1z71) + 272 *
1—0.62-1—0.1622 1—0.6z2"1!—0.1622

y(n+j) = S6(n + 5)

Substitute it in the expression for y(n + 3), with 3 = 2:
1

n+ 2) = u(n

y(n +2) 1 —0.6z71—0.162"2 (n)

+ (1 4+ 1.1z H¢(n + 2)
0.82 4 0.176z7!

1 —0.6z"1—0.16z"2

Second term is unknown: Last term is known.

—2

£(n + 2)
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oo e o, Tt
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B | C |
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Splittine Noise into Past and Future
Ay(n) = Bu(n — k) + C&¢(n)

y(n + 7) ZEu(n-Fj—k)-l-gﬁ(n"‘j)
gu(n—lﬂ — k) + [E + 2z~ jF]E(n—I—J)
— gu(n—l—j — k) -I-%S(n) + Ej§(n +3)

B F; Ay(n) — Bu(n — k)
gu(n + 37 — k) -I- C

+ Eié((n+3

F.
Ejy(n) + Ej§(n +J



littine Noice info Past and B
Ay(n) = Bu(n — k) + C&(n)
y(n+3) = Du(n+j— k) + &+ )

§U(n+3—k)+ [E + 27 "i] &(n+7)

B F;
= —u(n+j—k)+—2&(n) + Eié(n +j)

B F;Ay(n) — Bu(n — k
_B
—u(n+j5 —k

i %] s ti—B + 2y(n) + BiE(n + )
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C . F; C
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A J A A A 7T A C J
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From the previous slide,

B /s
yn+d) = 1= G uln 3 — &) + Gy(n) + B(n +3)
C . F; C F: C F:
Z_E —I—z_JA :>Z—z_7A7 _Ej:>2[1_z_JEJ] = E;
E,;B
y(n+j) = —y(n) + E;j&(n + j)

C
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B F,
yn+d) = 1= G uln 3 — &) + Gy(n) + B(n +3)
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A A A A 174 c|
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y(n+j) = 5 —y(n)+E£(n+J)

Last term has only future terms. Hence, best prediction model:
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Solittine Noise into Past and Ful

From the previous slide,

B F,
yn+d) = 1= G uln 3 — &) + Gy(n) + B(n +3)
g E; _|_Z—jF :>€_z—jF3 E. :>€ ll_z_jﬂl — E.
A A A A 174 c|

, E;B
y(n+j) = 5 —y(n)+E£(n+J)

Last term has only future terms. Hence, best prediction model:
. , E;B _ F;
g(n +jln) = ——u(n+j — k) + Zy(n)

“means estimate.



Solittine Noise into Past and Ful

From the previous slide,

) B F, . ‘ F: ,
yn+d) = 1= G uln 3 — &) + Gy(n) + B(n +3)
C P C F. C .
— — F. —Jj_J D B ) — _ .1 | — g
1 E; + =z A:>A z A E]:>A[1 z C’] E;
. E;B
y(n+j) = 5 —y(n)+E£(n+J)

Last term has only future terms. Hence, best prediction model:

E;B F’;
§(n+ jln) = —Lu(n + j — k) + Zy(n)

“means estimate.|n means “using measurements, available up to
and including n".
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Example: Splitting C’,/A into E; and F;

1+ 0.5z7" C F;

1—0.6z"1—-0.162=2 A



Example: Splitting C’,/A into E; and F;

1+ 0.5z1 C - F;
_l_ = — = _E‘7 —|— Z_J—J
1—0.6z"1—-0.162=2 A
14+ 11271

1—0.6z"1—0.16272 | 1 +0.5z71
1 —0.6z7! —0.16z72

+1.1z7! 4+0.16z272
+1.1z71 —0.66z72 —0.176z3

+0.82z72 +0.176z°



Example: Splitting C’,/A into E; and F;

1+ 0.5z71
1 —0.6z71—0.16z2"2
1+1.1z71

1—0.6z2"!—0.16272 | 1 +0.5z71
1 —0.6z71

+1.1z71
+1.1z71

—0.16z72

+0.16z2
—0.66z72 —0.176z3

14+ 0.5z
1—0.6z71—0.16z2

= (14 1.1z71) 4 272

+0.82z72 +0.176z°

0.82 + 0.176z~1
1 —0.6z71—0.162"2
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An easier method exists to solve

C _F
A HTEy

Cross multiply by A:
C = 14E‘7 —|— Z_ij

o C, A, 277 are known



An easier method exists to solve

C _F
A HTEy

Cross multiply by A:
C = 14E‘7 —|— Z_ij
e C, A, z7 are known

o E/;, F; are to be calculated.



An easier method exists to solve

C _F
A HTEy

Cross multiply by A:
C = AE; + 277 F;
e C, A, 277 are known
o E/;, F; are to be calculated.

e Think: How would you solve it?
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ARMAX Model



Dift . Noj | Predict] Models: AR-
MAX

ARMAX Model :
Ay(n) = Bu(n — k) + C&(n)



Diff . Noj | Predicti Models: AR-
MAX
ARMAX Model :

Ay(n) = Bu(n — k) + C&(n)
C = E]A —|— Z_ij



Dift . Noj | Predict] Models: AR-
MAX

ARMAX Model :
Ay(n) = Bu(n — k) + C&(n)
C = E]A —|— Z_ij

E;

B F’;
9(n+lt) = =S-u(n +j — k) + Sy(n)
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Ay(n) = Bu(n — k) + ~€(n)
AAy(n) = BAu(n — k) + C¢(n)
Recall ARMAX model:
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Is the solution for ARMAX model useful?
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Dift . Noj | Prediction Models: ARI-
MAX

ARIMAX model with A =1 — 2z~ 1.

Ay(n) = Bu(n — k) + ~€(n)
AAy(n) = BAu(n — k) + C¢(n)
Recall ARMAX model:
Ay(n) = Bu(n — k) + C¢(n)
Is the solution for ARMAX model useful?

A— AA, B +— BA
C = EJAA -+ Z_ij

E,BA F;
o u(n+i—k) +Zy(n)
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Diff . Noj | Prediction Models: ARIX

Recall ARIMAX model from previous slide:
AAy(n) = BAu(n — k) + C&(n)
E;BA
C

: F;
§(n+ jln) = Z==u(n +j — k) + Zy(n)
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Recall ARIMAX model from previous slide:
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Recall ARIMAX model from previous slide:
AAy(n) = BAu(n — k) + C&(n)
E;BA
C
ARIX model, obtained with C = 1 in ARIMAX:

§(n+ jln) = Z==u(n +j — k) + Zy(n)

1
Ay(n) = Bu(n = k)i —26(n)
1 = E]AA —|— Z_ij
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Mini Vari Control: Reeulati

ARMAX Model:
Ay(n) = Bu(n — k) + C&¢(n)
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Mini Vari Control: Reeulati

ARMAX Model:
Ay(n) = Bu(n — k) + C(n)
C=E;A+z2'F
(n + §) = E B
n
Yy J C

Minimum variance control: Minimize the variations in y at k:

F;
Eky(") + Epé(n + k)

—y(n) + E;6(n + j)

y(n + k) =
To minimize & |y*(n + k).



Mini Vari Control: Reeulati

ARMAX Model:
Ay(n) = Bu(n — k) + C(n)
C=E;A+z2'F

y(n+j) =

C —y(n)+E€(n+J)

Minimum variance control: Minimize the variations in y at k:

y(n+ k) = Phyn) + But(n + k)
To minimize & [y?*(n + k)|. £&(n+k) is ind. of u(n), y(n)



Mini Vari Control: Reeulati

ARMAX Model:
Ay(n) = Bu(n — k) + C(n)
C=E;A+z2'F

y(n+j) =

C —y(n)+E€(n+J)

Minimum variance control: Minimize the variations in y at k:

y(n+ k) = Phyn) + But(n + k)

To minimize & [y?*(n + k)|. £&(n+k) is ind. of u(n), y(n)
EyBu(n) + Fry(n) =0



Mini Vari Control: Reeulati

ARMAX Model:
Ay(n) = Bu(n — k) + C(n)
C=E;A+z2'F

(n + 5) EB
ymn J—C

Minimum variance control: Minimize the variations in y at k:

—y(n) + E;6(n + j)

y(n+ k) = Phyn) + But(n + k)

To minimize & [y?*(n + k)|. £&(n+k) is ind. of u(n), y(n)
EyBu(n) + Fry(n) =0

u(n) =~ y(n)
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y(n)

0.5

T 1-0.521

u(n —1) +

1 —0.9z1

£(n)



i lo: Min Vari Control

0.5
y(n) = o T D g
A= (1-0.52"")(1 —0.9271
=1—1.42"'4+0.45272
B =0.5(1 — 0.9z71)
C =(1-0.5z"1
k=1

£(n)




i lo: Min Vari Control

0.5
y(n) = s D g
A= (1-0.52"")(1 —0.9271
=1—1.42"'4+0.45272
B =0.5(1 — 0.9z71)
C =(1-0.5z"1
k=1
C = EvA + 2z FF,
1—0.52""'=E;(1—1.42""'40.452"%) + 2z 'F,

£(n)



i lo: Min Vari Control

05
y(n) = s D g
A= (1-0.52"")(1 —0.9271
=1—1.42"'4+0.45272
B =0.5(1 — 0.9z71)
C =(1-0.5z"1
k=1
C = EvA + 2z FF,
1—0.52""'=E;(1—1.42""'40.452"%) + 2z 'F,

£(n)

Solving,
El =1
F, =0.9 —0.45z"1
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i lo: Min Vari Control

B =0.5(1 —0.9z271)
E1 =1
F, =0.9 —0.45z"1



i lo: Min Vari Control

B =0.5(1 —0.9z271)
E1 =1
F1=09—045z—1

L y(n)

u(n) = EkB



i lo: Min Vari Control

B =0.5(1 —0.9z271)

E1 =1
F;, = 0.9 — 0.452z~1
F; 0.9 — 0.45z1
u(n) = — = —
) =58 = 050 0.0 1Y"™



le: Mini Vari Control

B =0.5(1 —0.9z71)

E1 — ]_
F; = 0.9 — 0.45z7"!
F, 0.9 — 0.45z~!
un) = — n)=—

™ ="58Y"™ = "osa 0.0 1)*"™

2 — 21

= —0.9
1—0.9 =t

£ [P (n+ k)] = € [(But(n + ))’]



i lo: Min Vari Control

B =0.5(1 —0.9z271)

E1 =1
F;, = 0.9 — 0.452z~1
F; 0.9 — 0.45z1
un) = — n) = —
™) =55 = 051 =09, 1)¢"™
2 — z1
= —0.9 —y(n)

£ [P(n+ k)] = & [(Bik(n + K))’| =& [(&(n +1))’]



i lo: Min Vari Control

B =0.5(1 —0.9z271)

E1 =1
F, =0.9 —0.45z"1
) 3% 0.9 — 0.45z1
un) = —g g¥(M = T 0.5(1 — 0.9z—1)y(n)
= 09 591
£ [P+ k)] =& |[(Bt(n+ k)| =& |(€n+1))’]
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Mini Vari Control for ARIX Model

Recall

Ay(n) = Bu(n — k) + &(n)
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Minimum variance control law is obtained by forcing g(n+ j|n)
to be zero:
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Mini Vari Control for ARIX Model

Recall

1
Ay(n) = Bu(n — k) + —£(n)
y(n +jln) = E;BAu(n +j — k) + Fjy(n)
1 = EJAA —|— Z_ij

Minimum variance control law is obtained by forcing g(n+ j|n)
to be zero:

EyBAu(n) = —Fry(n)
Fy,
EyB

Au(n) = ———y(n)



Mini Vari Control for ARIX Model

Recall

1
Ay(n) = Bu(n — k) + —£(n)
g(n + jln) = E;BAu(n + j — k) + Fjy(n)
1 = EJAA —|— Z_ij

Minimum variance control law is obtained by forcing g(n+ j|n)
to be zero:

EyBAu(n) = —Fry(n)
Fy,
EyB

For nonminimum phase systems, use an alternate approach

Au(n) = ———y(n)
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