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Introduction
Various qualitative decision issues (min. cost, max. profit, etc), from
science and engineering can be perceived as optimization problems.

General optimization problem formulation is 

Minimize above problem globally
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Cont…
An optimization problem can be reduced to the problem of computing
the sharp range of polynomials in several variables on box-like domains.

We solve the problem of finding the sharp range which encloses global
minimum using the Bernstein form of polynomials.

The Bernstein coefficients of the expansion provide the lower and       
upper bounds for the range of the polynomial.

We can perform subdivision of the original box for faster convergence
of the range.
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Bernstein Form
Consider the nth degree polynomial p in a single variable 

Bernstein form of order k is

are the Bernstein basis polynomials of degree k
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Cont…
are the Bernstein coefficients

The unit interval is not really a restriction as any finite interval X can be
linearly transformed to it.
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Properties of Bernstein Coefficients
The range enclosure property of the Bernstein Form

The Bernstein coefficients provide bounds for range  p of over U=[0,1].

Lemma 1 (Range lemma) (Cargo and Shisha, 1966): The range
is bounded by the Bernstein coefficients as:

Convex hull property:

where 0 1 2           {0, } {0, } ... {0, }lS n n n= × × ×

0conv{( , ( ))} conv{( / , (U)) : }Ix p x I N b I S⊆ ∈

([0,1])p

([0,1]) min ,maxk k
j jj j

p b b⎡ ⎤⊆ ⎢ ⎥⎣ ⎦



22 April 2010 Prof. P.S.V. Nataraj, IIT Bombay 8

Cont…
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Illustration
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Cont…
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Vertex Property of Bernstein Form
Remarkable feature: Bernstein from provides us with a criterion to
indicate if calculated estimation is range or not.

Cargo and Shisha (1966)  give such a criterion based on the vertex
property.

The upper bound or lower bound is sharp if and only if            
(resp.                         )  is attained at the indices of vertices of 
Bernstein coefficient array (          ).
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Cont…



22 April 2010 Prof. P.S.V. Nataraj, IIT Bombay 13

Illustration
Consider again the simple polynomial



22 April 2010 Prof. P.S.V. Nataraj, IIT Bombay 14

Cont…
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Cont…
Now, we check if any of the range enclosures obtained in previous 

table for elevated degree of Bernstein form is range or not. 
Table is reproduced below.
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Cont…
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Subdivision of Bernstein Form
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Cont…
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Subdivision Algorithm
Inputs: The interval               and its Bernstein coefficients (     ).
Outputs: Subintervals                    and their Bernstein coefficients

START
Bisect D to produce the two subintervals 
Compute the Bernstein coefficients on subinterval        as follows.
(a)   
(b)  
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Cont…
To obtain the new coefficients apply formula in (b) for 

Find the Bernstein coefficients on subinterval       as

Find the Bernstein coefficients on subinterval      from 
intermediate values in above step, as follows.

Return             and the associated Bernstein coefficients
END 

0,1,..., .j k=

,k k
j jb b= for 0,1,...,j k=

DA

for 0,1,...,j k=,k j
j kb b=

DB

D , DA B and .k k
j jb b
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Illustration
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Cont…
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Cont…
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Cont…
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Cont…
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Cont…
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Cont…
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Cont…



22 April 2010 Prof. P.S.V. Nataraj, IIT Bombay 29

Cont…
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Bernstein Subdivision         
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